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Abstract: I give a short summary of QCD sum rule results for hadrons involving a heavy quark, 
with emphasis on recent developments. 
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1. Decay constants: Jb etc. 

QCD sum rules for D-meson and B-meson decay 
constants were among the first applications of 
this approach . Early estimates Q have given 
/b ~ 100 MeV and mt - 4.8 GeV. In 1983 Aliev 
and Eletsky ^ carried out the first quantitative 
analysis incorporating radiative corrections and 
relativistic effects (power-like l/nii, corrections) 
with the resuh fg = 130 ± 30 MeV. This old 
analysis remains generally valid today and sub- 
sequent refinements concentrated on two issues. 

First, it was noticed by several authors Q 
that the QCD sum rule result for fg is strongly 
sensitive to the value of the 6-quark mass. More 
precisely, the sensitivity is mainly to the differ- 
ence ruB — rub rather than rrif, itself, but anyhow 
lowering mf, by 200 MeV produces an increase 
in Jb by ^ 50 MeV. Another way to formulate 
the same problem is that the QCD sum rule does 
not have enough accuracy to predict the values 
of nib and fs simultaneously. Hence, mt has to 
be taken from elsewhere as an input parameter. 

Second, using the heavy quark effective the- 
ory one was able to resum ^, |^ all leading 
logarithmic contributions to the sum rule of the 
type {aa{mb)\nmb/ fJ,)'' ■ The net effect of this 
resummation is that the strong coupling in the 
radiative correction has to be taken at a low scale 
of order 1 GeV rather than nib, as was assumed 
in . Combined with higher values accepted 
nowadays, this resummation induces an increase 
in /b by 30 — 60 MeV, depending on further de- 
tails. 

The issue of the 6-quark mass has recently 



been reexamined using new results [g| on the re- 
summation of Coulombic corrections to heavy- 
heavy correlation functions. Several independent 
studies (see Table. 1) all result in rather large 
quark mass values, not inconsistent with rub = 
4.8 used in early QCD sum rule estimates. The 
possibility to pin down the 6-quark mass with 
good precision is encouraging as it means that 
the sensitivity of sum rules on nib is a less seri- 
ous problem as thought before. To match the ac- 
curacy of NNLO NRQCD calculations, one may 
try to calculate the 0{al) corrections to the sum 
rule which is possible by existing methods. The 
BLM-type estimate indicates that such cor- 
rection is probably not large. One has to have 
in mind, however, that accuracy of QCD sum 
rules cannot be consistently improved by calcu- 
lated higher order corrections and such calcula- 
tions are only meaningful as to exclude (unex- 
pected) large effects. 

To summarize, I give my personal "weighted 
average" 



/b = 160 ± 30 MeV , 



(1.1) 



which is in agreement with other estimates fl^ , 
is stable for may years and, unfortunately, 
not improvable. Note that this value is consistent 
with the old result of Aliev-Eletsky from 1983 
and the error is actually not reduced despite sig- 
nificant effort that had been invested ever since. 

The coupling fo historically attracted less 
attention. Aliev and Eletsky ||^ have obtained 
fa — 160 MeV with claimed accuracy of order 
20%. The dependence on c-quark mass happens 
to be somewhat milder in this case. The recent 
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rub 


mb{mb) 


Remarks 


BS99 
PP98 pill 
H98 jl| 
MY98 (l| 


4.97 ±0.17 
4.80 ±0.06 
4.88 ±0.10 


4.25 ±0.08 

4.20 ±0.06 
4.20 ±0.10 


Sum rules 
Sum rules 
Sum rules 
Sum rules 


JP97/98 


4.60 ±0.02 


4.19 ±0.06 


Sum rules, no resummation 


PY98 (l| 
GGRM99 IHl 




4 44+0-03 
4.26 ±0.08 


T(1S) mass 
lattice HQET 



Table 1: Summary of recent determinations of the 6-quark mass. The table is adapted from M and updated 



updates typically fall in the range ||l^, |2l[| 

= 190 ± 30 MeV , (1.2) 

where the small increase is mainly due to a higher 
value of as- 

Calculation of 5'/7(3)-breaking effects in the 
QCD sum rules is not easy because several effects 
tend to compensate each other. This difficulty is 
reflected in the rather large errors |l9[: 



IdJId = 1.19 ±0.08, 
fBjfB = 1.19 ±0.08. 

Another result is (see e.g. ||2^, [2l|] ) 

fD'/fn - 1.40 ±0.15, 
fB'/fs = 1.10 ±0.08. 



(1.3) 



(1.4) 



Finally, with the advent of the Heavy Quark Ef- 
fective Theory (HQET) it has become customary 
to present relativistic corrections ^ to Jb in the 
form of a series expansion in powers of the heavy 
quark mass: 



fB - Cimb)F,, 



1 



A 

Wb 



(1.5) 



Here i^stat is a universal nonperturbative con- 
stant, C{mb) can be calculated perturbatively 
and the power corrections can be related to ma- 
trix elements of higher dimension HQET opera- 
tors. The QCD sum rules give very stable pre- 
dictions 12^, I, I2I 



2. HQET parameters A, Ai,A2 

QCD sum rules have a well-defined heavy quark 
limit and can be used to estimate HQET param- 
eters, see for the relevant definitions. For 
example, one obtains for the difference between 
meson and quark masses |^ 



A ~ 400 - 500 MeV . 



(2.1) 



A = 0.9 ±0.2 GeV. 



(1.6) 



This value is consistent with mb determinations 
although the accuracy is not competitive. More 
interestingly, the sum rule for the chromomag- 
netic interaction parameter A2 comes out to be 
rather stable. Translated into the prediction for 
the mass splitting between vector and pseudosca- 
lar mesons, the result reads [[7| p5| p6| 

{ml - ml)''^''"' = (0.46 ± 0.14) GcV^ , (2.2) 

which compares very well with the experimen- 
tal value m^. — ~ 0.48 GeV^. A techni- 
cal remark is that all sum rule results in HQET 
apear to be strongly correlated with the value 
of A which is just another manifestation of the 
sensitivity of "ordinary" sum rule on the value of 
mb- To reduce this dependence, and also to mod- 
erate radiative corrections, one often attempts to 
consider ratios of sum rules in which such effects 
tend to cancel. 

The most interesting quantity is — Ai, the b- 
quark kinetic energy in the B-meson. Knowledge 
of Ai is crucial for the accuracy of Vcb determi- 
nations from inclusive B-decays using OPE. The 
situation with Ai determination from QCD sum 
rules was controversial for some time, with two 
calculations reporting conflicting results: — Ai = 



2 
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0.5 ± 0.2 GeV2 || and -Ai = 0.1 ± 0.05 GeV^ 
||2^ . By now, the origin of this discrepancy is well 
understood p7| , but the remedy is not found. 
The difficulty can be traced to contributions of 
nondiagonal matrix elements ~ {B\h{D'^)h\B') 
where B' is a certain excited pseudoscalar me- 
son state, which are difficult to disentangle from 
the "diagonal" contribution of interest within the 
QCD sum rule framework. Several toy-model 
calculations using quantum-mechanical examples 
I p^ strongly suggest that such contributions are 
present in both sum rules and and have 
opposite signs. In quantum mechanics it is al- 
ways possible to add the two sum rules analo- 
gous to |2^, with some weight (fixed by the 
virial theorem) such that the nondiagonal tran- 
sitions cancel exactly. In QCD the correspond- 
ing weight is not known. Therefore, for the time 
being I prefer to take the results of ^ as 
providing for the upper and the lower boundary, 
respectively, leading to a conservative average 



-Ai = 0.35 ±0.20 GeV^ 



(2.3) 



Doing better is an open problem. An unrelated 
difficulty is that the value for — Ai may depend 
rather strongly on its precise definition, in par- 
ticular whether or not a Lorentz-invariant UV 
cutoff is used. 

3. B ^ D, . . . form factors and Isgur- 
Wise functions 

In the period 1989 - 1992 several sum rules have 
been derived and studied for the semileptonic de- 
cays of beauty to charm, using the standard QCD 
sum rule maschinery and finite values for heavy 

In later works the ac- 



quark masses |29, 30 



51 



cent has shifted to incorporate the heavy quark 
expansion and calculate the Isgur-Wise functions 
instead of the form factors themselves. Such ap- 
proach has an advantage that the heavy quark 
symmetry is incorporated analytically rather than 
numerically, but at the same time raises concerns 
on validity of the l/rric expansion. 

A lot of effort went into calculation of the 
celebrated Isgur-Wise function ^(y) and its slope 
p ~ ^'{y — I) a,s providing main input for the 
Vcb determinations. The leading-order sum rules 



m, 0, |3^, 34 have later been complemented by 
calculation of the radiative corrections |^ . The 
result is 

p = 0.7 ±0.25 (3.1) 

and probably cannot be improved. The discus- 
sion around this sum rule was actually benefi- 
cial for the general development of the sum rule 
approach, allowing to clarify certain important 
points about continuum subtraction, see for 
details. 

QCD sum rules have also been derived for 
the Isgur-Wise functions Ti/2(y) and T3/2 which 
govern semileptonic transitions to positive parity 
states k , 1^ and contribute e.g. to the 



1+ 3 
2 ' 2 ' 2 

Bjorken inequality 



-o> ^ + ki/2(l)|' + |r3/2(l) 



(3.2) 



The sum rule for t^^2 is only available to leading 
while for T1/2 the radiative corrections 



order 



are included The results are: 
Ti/2(1) = 0.35 ± 0.08 , p1^2 = 2-5 ± 1.0 |§ , 

r3/2(l) ~ 0.3 , pI/2 ~ 0.9 |6| . (3.3) 

For illustration of the accuracy, I show one typi- 
cal plot: 

0.6 



0.4 



0.2 





Colangelo- 
De Fazio _ 






Paver 




_ hep-ph/9810478 



1.1 



1.2 



1.3 



1.4 



Figure 1: The Isgur-Wise function ti/2- Figure 
taken from p7[ |. 

Finally, certain results are available for sub- 
leading Isgur-Wise functions Xi,2,3(j/) and ^3(2/) 
11. See also 

4. Semileptonic D decays 

Calculations of the form factor values at = 



have a long history [^-144 and all are rather 
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old. The results are |43| |4| 

0.50 ±0.15, 
0.60 ±0.15 

and 



(4.1) 



AP{0) = 0.50 ±0.2, 
Af{0) 

Am 

VP{0) 
V^'{0) = 1.1 ±0.25. 



0.50 ±0.15, 
0.40 ±0.1, 
0.60 ±0.15, 
1.0±0.2, 



(4.2) 



The quoted values for ff^'^iO) and /f ^-^(0) 
are somewhat too low, to my opinion, and result 
from using a too small value for the quark con- 
densate. The other entries are less affected by 
this choice. 

QCD sum rule predictions for the depen- 
dence of the form factors have been the most 
interesting. While the shape of the form factors 
/+ and V turned out to be consistent with vector 
dominance, the axial- vector form factors Ai and 
A2 came out almost flat. Such behaviour was un- 
expected and initiated a lively discussion which 
continues nowadays. It is worth while to mention 
that sum rule calculations of the form factors in 
the physical region > are technically non- 
trivial because of subtleties in the construction 
of double dispersion relations in presence of Lan- 
dau thresholds, see |Q for the details. 

In addition, the form factor /+^'^(9^) was 
analysed using light-cone sum rules (LCSR) in 
pO| (see the next section for a detailed descrip- 
tion of this approach). Very recently, the NLO 
corrections to this sum rule have been calculated 
fisll , with preliminary results shown in Fig. ^ 

The LCSR result is shown by the solid curve. 
It is valid at small g'^ < 1 GeV^ and is matched 
at higher to the vector dominance prediction 
using a yet another new LCSR estimate ^ 

fD'9DD'n = 2.84 ± 0.6 GeV^ . (4.3) 

In the same work, the ratio of decay widths D 
K and D ^ tt is calculated and claimed to be 
strongly sensitive to the value of the strange quark 
mass: 



^71 P^) 




Preliminary 



VDM 



Khodjamirian et al. 



0.5 1 1.5 



p' [GeV 



Figure 2: Form factor f'^^"' from LCSR 



0.98 ±0.11, m, = 100MeV 
/+""(0) = { 0.77 ±0.11, m, = 150MeV 
0.66 ± 0.09, ms = 200 MeV 



The scalar form factor f^^^ was considered in 
B|] using LCSR. At g^ = the result is 



/(f ""(0) = /+^"(0) = 0.68 
with, probably, 20% error. 



(4.5) 



/j^^'^(O) = 0.66 ±0.09, 



(4.4) 



5. Semileptonic and rare B decays 

These decays typically involve a large momentum 
transfer to the light hadron in the final state and 
have to be treated with care. The corresponding 
technique, known as light-cone sum rules, was 
first suggested in |4^, |4^, |49j and was develop- 
ing rapidly during past few years. In essence, it 
presents a generalization of the classical mean- 
field type SVZ approach to expansion of cor- 
relation functions in rapidly varying (large mo- 
mentum) background meson fields. Technically, 
the difference is that the short- distance expan- 
sion in operators of increasing dimension is re- 
placed by the light-cone expansion in increasing 
twist. On this way, vacuum averages of quark 
and gluon fields (condensates) do not appear and 
are replaced by light-cone meson distribution am- 
plitudes, see ^ for the two recent exposi- 
tions. Premium for this rearrangement is that 
the approach becomes explicitly consistent with 
the heavy quark expansion. A detailed compar- 
ison of light-cone and conventional QCD sum 
rules can be found in 

The decay B Trev was considered many 
times by different authors using both conven- 
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tional H, H, H and LCSRs |6[ |2|, Apart 
from phenomenological importance, this decay 
serves as a convenient test ground for various 
versions of sum rules and other theoretical ideas. 
The new results which I want to report on this 
meeting, are obtained using LCSR calculations 
with NLO accuracy, including radiative correc- 
tions |5^, |5|, H, see Fig. |. At = q one 



Unitarity Bounds: Boyd, Rothstein '97 




Figure 3: Form factor /f from LCSR 



obtains 



|5^, |5£ 



= 0.27 ±0.05, 



(5.1) 



where the largest uncertainty comes from pion 
distribution amplitude. The calculation auto- 
matically satisfies the unitarity constraints ||60|] , 
as illustrated in Fig. ^. It should be mentioned 
that the LCSR approach is only justified suffi- 
ciently far from zero recoil, as indicated by ar- 
rows in in Fig. ^, and in this region cannot violate 
any unitarity bounds. My personal opinion 
is that unitarity constraints are not sufhciently 
restrictive and for small do not provide any 
additional knowledge (for heavy-to-light decays) 
compared to "reasonable" model calculations. 

Many new results were obtained recently for 
B-decays into light vector mesons. Early LCSR 
calculations |2[ ^ have been updated in Q 
by taking into account radiative corrections, me- 
son mass corrections and contributions of meson 
wave functions of higher twist |Q . 

The results are presented in Fig. ^ for the 
particular case B K*. Note the error bands 
and good agreement with lattice calculations by 
the UKQCD collaboration |6^. Several simple 
parametrizations of the g^-dependence are avail- 
able, see e.g. [^3[ The values of form factors 




16 20 24 

p' [Gev"] 

Figure 4: Form factor ff^" from LCSR (solid 
curve) compared with the unitarity bounds (dashes). 
Figure taken from p5[ ]. 



at = are compiled in Table 2. Note gen- 
eral agreement between different LCSR calcula- 
tions and also with lattice results. For a detailed 
analysis of the phenomenological implications of 
these results see [ |67| . 

The b-quark mass dependence of the form 
factors deserves a special discussion. As observed 
in Bfl, BlJ all form factors in question have a uni- 

— — 3/2 

versal behaviour ^ l/"^f, in the heavy quark 
limit. This scaling law is suggested by the anal- 
ysis of leading integration regions in Feynman 
diagrams (see discussion in [|2], |^) and is valid 
for both "soft" and "hard" contributions sepa- 
rately. To be precise, the scaling is ~ y^rm/E'^ 
]5C| , p2| , where E is the light-meson energy 
in the final state (in the B-meson rest frame). 
The factor 1 /E'^ arises invariantly either as gluon 
virtuality in hard rescattering, or from the over- 
lap integral between soft wave functions, while 
^yrub comes from the B-meson wave function nor- 
malization. This scaling law is supported by LC 
sum rules which also suggest that the soft con- 
tribution is dominant for realistic b-quark mass 
values. If the hard rescattering correction is ne- 
glected, several symmetry relations can be de- 
rived between semileptonic and rare decay form 
factors in the heavy quark limit, see The 
LCSR calculations are explicitly consistent with 
these relations and in fact suggest that the cor- 
rections are numerically rather small |6|, |68) . 
On the other hand, the b-quark mass dependence 
comes out to be rather far from the asymptotic 
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10 



15 



20 



Figure 5: Rare decay B K* form factors from LCSR 



scaling limit. Rough estimates Q suggest 
large preasymptotic corrections of order 



^ 0) 



-3/2 



1-^ 

nib 



(5.2) 



with C ~ 1 - 1.5 GeV. 

As far as technical implementation is con- 
cerned, the existing LCSR calculations present 
the state of the art of this approach and it will 
be difficult to improve them in near future. They 
can be updated if new information about light- 
cone meson distribution functions becomes avail- 
able. There exist, however, a few issues which 
still have to be clarified. First, LC sum rules sys- 
tematically indicate larger SU(3) breaking cor- 
rections compared to lattice calculations, and the 
origin of this is not understood. Second, in the 



treatment of sum rules themselves one probably 
can improve on the treatment of kinematical fac- 
tors (separation of Lorentz structures and invari- 
ant amplitudes), in particular, going over to cal- 
culations of helicity amplitudes. 

6. gB*Bn, gD*Dn etC. 

A detailed study of the pion coupling to heavy 
mesons was carried out in ||2^ using both light- 
cone and conventional sum rules with the result 



9B'Bt! = 29 ± 3 , 
gB'Bn = 12.5 ± 1 



(6.1) 



where the errors are probably somewhat under- 
estimated. In the heavy quark limit one obtains 
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BB98l6l 
(NLO LCSR) 


ABS[|6Tl,BB97pl 
(UCSR) 


AOSj^ 


ukqcdQ 

(Lattice + LLSR) 


Alio) 


0.26 ±0.04 


0.27 ±0.05 


0.30 ±0.05 


n 97+0.05 
^■^'-0.04 


A'M 


0.22 ±0.03 


0.28 ±0.05 


0.33 ±0.05 




^(0) 


0.34 ±0.05 


0.35 ±0.07 


0.37 ±0.07 


S5+° °'5 


Tf(0) 


0.29 ±0.04 


0.24 ±0.07 


0.30 ±0.10 






0.20 ±0.03 


- 


0.20 ±0.10 


- 


AfiO) 


0.34 ±0.05 


0.32 ±0.06 


0.36 ±0.05 


'-'•^'^-0.03 


AfiO) 


0.28 ±0.04 




0.40 ±0.05 






0.46 ±0.07 


0.38 ±0.08 


0.45 ±0.08 






0.38 ±0.06 


0.32 ±0.05 


0.34 ±0.10 


n 00+0.04 
'-'•'-'^-0.02 




0.26 ±0.04 




0.26 ±0.10 





Table 2: Comparison of results from different works on B —* p, K* form factors at 



63 , 



gB'B-rr 



2rnB 



■g 



1 



A 



g = 0.32 ±0.02, 
A = (0.7±0.1)GeV. 



(6.2) 



Very recently, radiative corrections to these sum 
rules have been calculated ^ . They turn out to 
be negative and decrease the values of the cou- 
plings by approximately 20%. To my opinion 
this reduction has to be taken with some caution 
since the main input parameter in this sum rule 
- the pion distribution amplitude in the middle 
point - was determined in without taking 
radiative corrections into account. The analysis 
of Q is in fact quite old and its update is long 
overdue. 

Similar sum rules (to leading order only) have 
been derived for decay constants gs* Bp and go* Dp 
]6^ , for radiative B* Bj decays |7^ and for 
couplings to positive parity heavy mesons | |7l| , 

7. Other topics in B-decays 

Concluding this part, I want to mention two other 
applications of sum rules which I find interesting. 

First, an exploratory study of nonfactoriz- 
able contributions to the B J/'^K decay 
[73]. In the usual factorisation approximation 



the corresponding matrix element is proportional 
to the sum 02 = C2(mf,) + ici(mf,) ~ 0.155, 
where Ci and C2 are the coefficients in the ef- 
fective Lagrangian in common notation. The ex- 
perimental data are usually analysed introduc- 
ing an effective coefficient a^^ff^ to take into ac- 
count nonfactorizable effects and the current re- 
sult |a^^^| = 0.31 ± 0.02 can be interpreted as 
strong violation of the factorization. The effec- 
tive coefficient 02 was estimated in QCD sum 
rules 1 51, Q using both the standard technique 
| |7^ developed originally for D-decays, and the 
LCSRs. Numerical results are still very unsta- 
ble and preliminary, but, interestingly enough, 
the sum rules seem to indicate a negative value 
for 02. Although calculations are difficult, po- 
tentially this is a large and interesting field of 
applications. 



Second, the LCSR approach can be and was 
already used to estimate long-distance contribu- 
tions in decays like B K*^, B — > p*j, see |7^, 
[76| [ttI . Most importantly, such calculations pre- 
dict the relative sign of short- and long-distance 
amplitudes and, therefore, their interference. The 
existing results can be improved and extended 
to B ^ K*U and similar transitions. The sum 
rules of this type are rather well understood and 
can be expected to give reliable predictions. 
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8. Heavy baryons 

Studies of heavy baryons in QCD sum rules are 
in general difficult. They have been going on for 
some time, but, to my opinion, the results still 
are rather preliminary. I will discuss two appli- 
cations to problems of direct phenomenological 
relevance. 

First is the calculation of baryon matrix el- 
ements of four-fermion operators ||7^ that are 
responsible for the corrections to life-time 

differences between beautiful baryons and mesons. 
The corresponding sum rules are very unstable 
because of high dimension and can only produce 
an order of magnitude estimate. The result of the 
calculation is negative: Despite all uncertainties 
one can claim that the relevant matrix elements 
cannot be as large as to explain the observed ra- 
tio r(Ad)/T(Bd). 

Second, several QCD sum rule calculations 
exist of the semileptonic decays of heavy baryons 
Afc AJD, Ae ^ MD and A,, ^ piD, ||, 
|8l| ], see Fig. IgI and also of rare decays A;, A7, 
Afc AM |p3]. For the decay widths one 



A -A 

C 


Ab-A^ 








Ab-P 



0.0 1.0 2.0 3.0 

E,(GeV) 

Figure 6: Lepton energy spectra in decays of heavy 
baryons ]8l| ]. 

obtains, e.g. |^ 

T{Ab^prDi) = (1.7 ±0.7) X 10-"|Kb|'GeV 

(8.1) 

All these studies are carried out using traditional 
three-point sum rules. The LCSR technology has 
not been applied yet because of almost complete 
absence of information on higher-twist baryon 
wave functions. In the case of a light baryon in 



the final state, the same critisism applies, there- 
fore, to this calculations as for heavy-to-light me- 
son transitions . 

9. Conclusions 

The main new development in the QCD sum 
rules during the past couple of years have been, 
to my opinion, the arrival of a new generation 
of NLO LCSR calculations, incorporating radia- 
tive corrections and new results on meson wave 
functions of leading and higher twists. Detailed 
state-of-the-art studies are now available using 
such sum rules for the form factors of heavy-to- 
light transitions at large recoil. 

Among the problems where further develop- 
ments can be expected and the sum rules are 
likely to make an impact, I can mention: 

• Light-cone sum rules for heavy baryons. Ded- 
icated studies of higher-twist baryon dis- 
tribution amplitudes beyond leading twist 
are, however, required as a first step. 

• Long-distance contributions to various rare 
decays. 

• Nonfactorizable contributions to nonleptonic 
decays like B tttt etc. 

• Matrix elements of penguin operators. 

Interesting problems where exploratory stud- 
ies are neccessary to determine feasibility of the 
QCD sum rule calculations are, among others: 
Colour-octet matrix elements in charmonium, par- 
ton distributions in B mesons and Be decays (see 
jS^ ) . Further progress can eventually be achieved 
in cooperation of sum rules with lattice calcula- 
tions (e.g. to determine meson distribution am- 
plitudes) and by studying exclusive processes with 
light hadrons at comparable momentum trans- 
fers. 
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